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Exercise 3

Find the series solution for the following homogeneous second order ODEs:

— (142 +u=0

Solution

Because x = 0 is an ordinary point, the series solution of this differential equation will be of the

form,
oo
= E anx”.
n=0

To determine the coefficients, a,, we will have to plug the form into the ODE. Before we can do
so, though, we must write expressions for v/ and u”.

o0 o0 o0
= Zanx” - (z) = Znanx”_l Zn n—1)a,z" —2
n=0 n=0 n=0
Now we substitute these series into the ODE.

— (142 +u=0

(o) (o) o0

Zn(n —Dayz"? — (1 +2x) Znanx" 1y Zanm" =0

n=0 n=0 n=0

oo oo oo [o¢]

Z n(n —1)ayz" 2_ Z napz" ! — Z na,r" + Z apz” =0
n=0 n=0 n=0 n=0

The first series on the left is zero for n = 0 and n = 1, so we can start the sum from n = 2. In
addition, the second series is zero for n = 0, so we can start the sum from n = 1.

o0

oo o o0
g n(n — apx"™ E na,z" "t — E na,z" + E anx” =
n=1 n=0 n=0

Since we want to combine the series, we want the first two series to start from n = 0. We can
start the first at n = 0 as long as we replace n with n + 2, and we can start the second at n = 0 as
long as we replace n with n + 1.

oo oo
Z(n +2)(n+ 1)apta2z™ — Z(n + Dapqi2" Z nanz" + Z anz"
n=0 n=0

The point of doing this is so that ™ is present in each term so we can combine the series.

oo
Z[(n +2)(n+ Dapiox"™ — (n+ Dapt12" — nayz™ + apa™] =0
n=0
Factor the left side.
oo

Yl +2)(n+ Dangz — (0 + ans1 — an(n —1ja™ =0
n=0
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Thus,
(n+2)(n+ Dapro — (n+ aps1 —ap(n—1)=0
(n+ 1Dapt1 + (n—1)ay,
Ap+42 =
(n+2)(n+1)
Now that we know the recurrence relation, we can determine the coefficients.
—ag+a
n=20: as = %
a2 —ap + ay
n=1 a3=—=———
3 6
n—9- a_3a3+a2_—ao+a1
o YT 12
3 4daq + 2a3 —ag + a1
n=3: as = =
° 20 30
4 das + 3ay4 —ap + a1
n=4: ag = =
0 30 72
5 6ag + 4as 13(—@0 + al)
n = a7 = =
! 42 2520
Therefore,
1 1 1 1 1 13
_ l—ogp2_23_ L 4_ 1.5 6 _ 19 7
u(@) “°< 2" 76" T 12" T30 T 72" T 2520”
15 145 1 4 1 5 1 ¢ 13
—|—a1<m+2x +6:1: +12x +30x —1—72:1: +2520w + )

where a¢ and a; are arbitrary constants.
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